Abstract. For the elliptic curve E over Q(t) found by Kihara, with torsion group Z/4Z and rank ≥ 5, which is the current record for the rank of such curves, by using a suitable injective specialization, we determine exactly the rank and generators of E(Q(t)).
Introduction
Let E be an elliptic curve over Q. By the Mordell-Weil theorem, the group E(Q) of rational points on E is a finitely generated abelian group. Hence, it is the product of the torsion group and r ≥ 0 copies of the infinite cyclic group: E(Q) ∼ = E(Q) tors × Z
r . An important question in arithmetic geometry is to characterize which groups are possible as E(Q) for an elliptic curve E over Q. Thus, we may ask which torsion groups are possible, which ranks are possible, and, most ambitiously, which combinations of torsion and rank are possible. By Mazur's theorem, we know that E(Q) tors is one of the following 15 groups: Z/nZ with 1 ≤ n ≤ 10 or n = 12, Z/2Z × Z/2mZ with 1 ≤ m ≤ 4. On the other hand, it is not known which values of rank r are possible for elliptic curves over Q. The folklore conjecture is that the rank can be arbitrary large, but it seems to be very hard to find examples with high rank. The current record is an example of an elliptic curve over Q with rank ≥ 28, found by Elkies in 2006. There is even a stronger conjecture that for any of 15 possible torsion groups T we have B(T ) = ∞, where B(T ) = sup{rank (E(Q)) : torsion group of E over Q is T }. The current records for ranks for each of the 15 possible torsion groups can be found on the web page [3] .
Similar questions can be asked for elliptic curves over the field of rational functions Q(t). Again, we have 15 possible torsion groups, and we define G(T ) = sup{rank E(Q(t)) : E(Q(t)) tors ∼ = T }. In the next table, taken from [4] , we give the current records for the rank of elliptic curves over Q(t) with prescribed torsion group. 
Note that in the previous table only the lower bounds for the rank are given. Indeed, it seems that only for the torsion group Z/2Z × Z/4Z the exact rank over Q(t) of the record curve can be found in literature. In fact, in [5] , Dujella and Peral proved that the corresponding curve, obtained from the so called Diophantine triples, has rank equal to 4 and they provide the generators for the group. The proof uses the method introduced by Gusić and Tadić in [6] for an efficient search for injective specializations. In this paper, we will prove an analogous result for the curve with record rank over Q(t) with torsion group Z/4Z found by Kihara [9] (see Theorem 2.1). Here we will use results from the recent paper [7] , where the authors generalize and extend their method from [6] . In particular, by results of [7] , now the method can be applied to curves with only one rational 2-torsion point.
Our main tool is [7, Theorem 1.3] . It deals with elliptic curves E given by y 2 = x 3 + A(t)x 2 + B(t)x, where A, B ∈ Z[t], with exactly one nontrivial 2-torsion point over Q(t). If t 0 ∈ Q satisfies the condition that for every nonconstant square-free divisor h of B(t) or A(t) 2 − 4B(t) in Z[t] the rational number h(t 0 ) is not a square in Q, then the specialized curve E t 0 is elliptic and the specialization homomorphism at t 0 is injective. If additionally there exist P 1 , . . . , P r ∈ E(Q(t)) such that P 1 (t 0 ), . . . , P r (t 0 ) are the free generators of E(t 0 )(Q), then E(Q(t)) and E(t 0 )(Q) have the same rank r, and P 1 , . . . , P r are the free generators of E(Q(t)).
We can mention here that by the methods from [7] , it is easy to show that the general families of curves with torsion Z/10Z, Z/12Z and Z/2Z × Z/8Z given in Kubert's paper [10] all have rank 0 over Q(t), as expected from the corresponding entries in the above table (see Remark 3.1).
Kihara's curve with rank ≥ 5
In 2004, Kihara [9] constructed a curve over Q(t) with torsion group Z/4Z and rank ≥ 5. This improved his previous result [8] with rank ≥ 4. We briefly describe Kihara's construction. The quartic curve H given by the equation
is considered. Forcing five points with coordinates of the form (r, s), (r, u), (s, p), (u, q), (p, m) to satisfy (2.1) leads to a system of certain quadratic Diophantine equations, for which a parametric solution is found. By the transfor-
We can write (2.2) in the form 
Kihara in [9] found five independent points P 1 , . . . , P 5 on this curve, corresponding to the five points on H mentioned above, showing that the rank of E over Q(t) is ≥ 5. The torsion subgroup is Z/4Z. Indeed, the point
2) is of order 4 since 2T 1 = (0, 0) and 4T 1 = O. Our goal is to prove that the rank of E over Q(t) is exactly equal to 5 and to find the generators of E(Q(t)). Computations with several specializations indicate that P 1 , P 2 , P 3 , P 4 , P 5 are not generators of E(Q(t)). Indeed, from our results it will follow that they generate a subgroup of index 16 in E(Q(t)).
In fact, it holds that P 1 + P i ∈ 2E(Q(t)) for i = 2, 3, 4, 5, i.e. there exist points W 2 , W 3 , W 4 , W 5 of E(Q(t)) such that P 1 +P i = 2W i , i = 2, 3, 4, 5. Since the torsion subgroup is Z/4Z, there are two choices for each W i . We choose one of them. The x-coordinates of these points are 
We also give the x-coordinate of P 1 :
The points P 1 , W 2 , . . . , W 5 are a natural guess for the generators, and we will show that this is indeed true by proving the following theorem in the next section.
Theorem 2.1. The elliptic curve E over Q(t) has rank equal to 5 with free generators the points P 1 , W 2 , W 3 , W 4 , W 5 and the torsion group is Z/4Z.
An injective specialization
As described in the introduction, we use [7, Theorem 1.3] to find rational numbers t 0 for which the specialization map at t 0 is injective. The condition is that for each nonconstant square-free divisor h of B(t) or A(t) 2 − 4B(t) in Z[t] the rational number h(t 0 ) is not a square in Q. The condition is easy to check, and we can find many rationals t 0 satisfying it. However, the coefficients of the curve E are polynomials with large degrees and coefficients. Thus, for the success of our approach, it is crucial to find suitable specialization t 0 of reasonably small height. Furthermore, we need a specialization for which the rank of E t 0 over Q is equal to 5, so it is reasonable to consider only specializations for which the the root number of E t 0 is −1 (conjecturally implying that the rank is odd).
We find that the specialization at t 0 = − 11 4 satisfies all requirements. It remains to compute the rank and generators of E −11/4 . For that purpose, we use the excellent program [2] of Cremona, which is included in the program package Sage [11] . By extending significantly the default precision (we use options -p 800 -b 11), we get the elliptic curve E −11/4 over Q, given by the equation
which is of rank 5 with five free generators G 1 , . . . , G 5 and the generator of the torsion group T 0 , given by their x-coordinates
x(G 4 ) = 477616878094060797794543416082366648044181864476558959811339468000 9223369
The rank 5 and generators are also confirmed in the most recent version V2.20-10 of Magma [1] (by the function MordellWeilShaInformation with option SetClassGroupBounds("GRH")). Now denote by P * . We easily get that
Here all points are chosen up to sign of y-coordinates. It is easy to check that the matrix of this base change (modulo torsion) is of determinant ±1 (the signs of the determinant depends on the choice of the signs of y-coordinates), so we see that P * 1 , W * 2 , . . . , W * 5 are free generators of the elliptic curve E −11/4 over Q. From the comments at the end of the introduction, we see that [7, Theorem 1.3] now implies that E has rank 5 over Q(t) and that P 1 , W 2 , W 3 , W 4 , W 5 are its free generators. Since E has a point of fourth order and the torsion group of E −11/4 (Q) is Z/4Z, we conclude that the torsion group of E(Q(t)) is also Z/4Z. Remark 3.1. Here we prove that the elliptic curves with torsion Z/10Z, Z/12Z, Z/2Z × Z/8Z and with rank ≥ 0 listed in Kubert's paper [10] have rank equal to 0 over Q(t).
For torsion group Z/10Z, the curve is given by the equation y 2 = x(x 2 − (2t 2 − 2t + 1)(4t 4 − 12t 3 + 6t 2 + 2t − 1)x + 16t 5 (t − 1) 5 (t 2 − 3t + 1)).
The specialization for t 0 = 6 satisfies the condition of [7, Theorem 1.3] , and the specialized elliptic curve has rank 0, which proves our claim for that torsion group. For torsion group Z/12Z, the curve is
and the specialization which satisfies the condition of [7, Theorem 1.3] and has rank 0 is t 0 = 11. Finally, for torsion group Z/2Z × Z/8Z, we have the curve y 2 = x(x + (t 2 − 1) 4 )(x + 16t 4 ).
The specialization for t 0 = 6 satisfies the condition of [7, Theorem 1.1] , and the specialized elliptic curve has rank 0, which proves our claim in that case.
